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Abstract 

We find a basis of the free Malcev algebra on three free generators over 
a field of characteristic zero. The specialty and semiprimity of this algebra 
are proved. In addition, we prove the decomposability of this algebra into 
subdirect sum of the free Lie algebra rank three and the free algebra of rank 
three of variety of Malcev algebras generated by a simple seven-dimensional 
Malcev algebra. 



The problem of finding of a basis of a free algebra is important for different varieties. 
For free Malcev algebras this problem is posed by Shirshov in [1] the problem 1.160]. 
For alternative algebras with three generators similar problem is solved in [2]. 
Recall that the Malcev algebra is called special if it is a subalgebra of a commutator 
algebra A~ for some alternative algebra A. The question of the speciality of a Malcev 
algebras was posed by Malcev in [3j. In this paper we find the basis of the free 
Malcev algebra with three free generators, and prove the specialty of this algebra. 
In addition, we prove decomposition of this algebra into subdirect sum of free Lie 
algebra of rank three and a the free algebra of rank three of the variety of Malcev 
algebras generated by a simple seven- dimensional Malcev algebra. 
Shestakov in 1976 proved that a free Maltsev algebra of ri > 8 generators over 
commutative ring $ is not semiprime provided 7! 7^ in $. Filippov [5] in 1979 then 
proved that in fact a free Maltsev $— algebra of n > 4 generators is not semiprime 
if 6$ 7^ 0. We prove that the free Malcev of rank three is semiprime. 

For brevity, we omit the brackets in the terms of the following type {...{{xiX2)x3)...)xr, 
In addition, the products of the form axx...x we denote 
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Linear algebra M over a field F, which satisfies following identities 

= 0, 

J{x,y,xz) = J{x,y,z)x, 

where J{x, y, z) = xyz + zxy + yzx, is called a Malcev algebra. In what follows, 
the characteristic of F is assumed to be zero. Let Ra be the operator of right mul- 
tiplication by element a of the algebra M and R{M) is the algebra generated by 
all Ra where a is the element of the algebra M. We will adhere to following notations: 

La,b = ^/'^{RaRb + RbRa), 
[Ra, Rb] = RaRb — RbRa- 

(a, b, c) = {ab)c — a{bc) 

In addition, by A^(6) we denote the operator defined in [SI Chapter 1, §4], by Z{M) 
we denote the center of the algebra M and by G(a, 6, c, d) - the function defined in 
[7J with equality 

G{a, b, c, d) = J{ab, c, d) — bJ{a, c, d) — J{b, c, d)a. 

Let X = {x, y, z} and M be the free Malcev algebra with the set of the free genera- 
tors X. For brevity, the expressions of the form G{...G{G{t, x, y, z),x, y, z)...),x, y, z) 
will be denoted as tG". 

By denote the free alternative algebra generated by the set of free generators 

X and by Ass[X] denote the free associative algebra, generated by the set of free 
generators X. Furthermore, for a,b & Alt[X] we denote a o b = ^{ba + ab) and for 
a G y4/t[X] denote by R^ the operator in the algebra defined as follows: 

xR^ = X o a for any x G A/t[X]. And L^^^, is the operator in the algebra 
defined as follows: xL+^ = R^R^ - i?^^ for any x G Alt[X] and a, 6 G Alt[X]. If B 
is the alternative algebra, then by B~ denote the commutator algebra of the algebra 
B. 

The main result: 

Theorem. Let M be the free Malcev algebra with free generators X = {x, y, z} 
Let U = {Jix,y,z)G'Li^,L^^yLl^LP^yLl,Ll^^ \ kj,m,n,p,q,r G N U {0}}. Then 
the set of the vectors U U Ux U Uy U \Jz U Uxy U Uxz U Vyz forms the basis of the 
space J{M, M, M). Besides M is special. 
The algebras M and R{M) satisfy the following identities: 

(ab) {cd) = acbd + dacb + bdac + cbda, (1) 
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3J{wa, b, c) = J{a, b, c)w — J{b, c, w)a — 2 J(c, w, a)b + 2J{w, a, b)c, (2) 
2 

G(t, a, b, c) = -{J(t, b, c)a + J{a, t, c)b + J(a, b, t)c — J{a, b, c)t), (3) 

G{t, a, b, c) = 2( J(ta, b, c) + J(t, a, be)), (4) 

J{J{a, b, c), a, b) = 3{ab)J{a, b, c), (5) 

J(c, 6a2'=-\ 6) = J(c, a, 6)a2'=-26, (A; > 1), (6) 

uLa^bt = UtLa^b + uLat,b " uLa,tb- (7) 



The identities ([3]), (g]) and (jS]) are proved in [7j, ([6]) is the identity (5) of 

[U §1] and identity is the identity (12) of [HI §1] rewritten in our notation . 
Moreover, from the identity ([3]) it is clear that the function G is a skew-symmetric 
for any two arguments. 

Lemma 1. The algebras M and R{M) satisfy the following identities 



(ta)J{a, b, c) = —-J{a, t, c)ab — J{b, c, ta)a — -^Jij^i b)ac — -J{a, t, cb)a (8) 

J (a, b, tac) = -^J{a,t, c) [Ra, Rb] + J (a, b, t)La,c, (9) 

J(a, 6, c)Ll^^a = J{a, b, c)aLl^^, (10) 
J{aAc)Ll^aLi,b = Jia,b,c)Ll,Ll,, (11) 
Proof. Applying the operator A^(/i) to the identity bJ{a,b,c) = J{a,b,cb) obtain 



hJ{a, b, c) = J{a, h, c)b + J(a, h, cb) + J(a, b, ch). 

From the identity (|2]): 

1 12 1 

hJ{a, b, c) = -J{a, h, c)b + J{a, h, cb) H — J{a, b, h)c J{b, c, h)a H — hJ{a, b, c). 

3 3 3 3 

That is 

1 13 

hJ{a, b, c) = -J{a, h, c)b — J(6, c, t)a H — J(a, b, h)c H — J(a, h, cb). 

Replacing now h by ta obtain the identity ([8]). 
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Twice applying to the first assertion of Lemma to the identity ([H]), obtain identity 

1112 

(ta)J(a, b, c) = — J(a, t, c)ab J(a, b, t)ca J(a, t, c)ba Jit, b, c)aa+ 

2 6 6 3 

2 1 

+ - J(a, b, c)ta J(a, 6, t)ac. 

3 2 

From the identity ((21) obtain 

2 2 11 

J(a, 6, tac) = -J{ta, c, a)b — -J{b, ta, c)a — -J{a, b, ta)c + -J{c, a, b){ta) = 

o o o o 

2 4 4 2 

= — J{t, c, a)ab H — J(a, 6, t)ca H — J(a, t, c)6a J(t, 6, c)aa+ 

3 9 9 9 

2 11 

-J{a, b, c)ta + -J{a, b, t)ac — -(ta)J{a, b, c) 

9 3 3 

Applying now the previous identity, we obtain ([9]). 

The identity fllOp shall prove by induction on k. From the identity ([7]), replacing a by 
b, thy a and m by J(a, 6, c), we have J(a, 6, ajLh^a = J {a, b, c)aLh^h — 2J(a, 6, c)Li,^ab- 
From the identity ([5]): J{J{a,b,c),b,ab) = —3J{a,b,c){ab)b, J{J{a,b,c),b,ab) = 
—J{J{a,b,bc),a,b) = 3J{a,b,bc){ab) = 3J{a,b,c)b{ab). That is, —3J{a,b,c){ab)b = 
3J{a,b,c)b{ab). Thus, J{a,b,c)Lh^ab = 0. That is, J{a,b,c)bba = J{a,b,c)abb. And 
J(a, b, cjLb^a = J{a, b, c)aLb^b. Now we have 

J (a, b, c)Ll'^^a = J (a, b, cLl^^U^ba = J (a, b, cL'^f,)aLb,b = 



J{a, b, c)L'^b'^Lbfi = J{a, b, c)aL 



k+l 
b,b ■ 



The identiy ([II]). We apply © and identity (fTUj). 

J{a,b,c)Lt^A,b = -Jiba^'^'Acb^''^) = -J{a,b,cb'^-')Ll^b 
= -J{a,b,cb''-')bL' = J{aAc)L[.Ll^. 



Lemma 2. For an arbitrary polynomial / of degree n from the subalgebra 
generated by the elements a and b of Malcev algebra M, the following equahties are 
true: 

1) J(a, 6, J(a, /, c)) + (-1) V(a, /, J(a, 6, c)) = 0, 

2) J(a, 6, J(/, 6, c)) + (-1) 6, J(a, 6, c)) = 0, 
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3) J{a,b,fc) = {-irfJ{a,b,c). 

Proof. We shall prove the conjunction of all three statements by induction on n. 
For n = 1 all identities are obvious. Suppose, they are correct when n = k. Prove 
them for n = k + 1. Since M is binary Lie algebra, then we can assume that / = fia 
or / = fib. 

1) If / = /ia,the proof is obvious. Let / = fib. Applying operator Aj(/i) to the 
identity J{a, cb, c) = J{a, b, c)c obtain 

J{ajib,c) = J{aji,cb) + J{a,b,c)fi 

Next, using this equation and the induction hypothesis, obtain 

J(a, b, J{a, fib, c)) + (-l)'=+V(a, f\b, J{a, b, c)) = J{a, b, J{a, f\, cb))+J{a, b, J{a, b, c)/i) + 

+ J{a, A, J(a, b, c)b) + (-1)'=+V(a, b, J{a, b, c))fi = 

2) The proof is similar to 1). 

3) Let / = fia. 

J{a,b,fiac) = J{a,b,J{fi,a,c) - cfia - acfi) = -J{a,b, J{a,fi,c)) + 

+ J(a, 6, c)a+J{a, b, c)afi) = -J{a, 6, J(a, /i, c)) + (-l)'=+i( J( J(a, fe, c), a, /i)- 

-afiJ{a,b,c)) = {-lf^^fiaJ{a,b,c) 

If / = fib, then the arguments are similar and used the equality 2). ■ 

Corollary 1. Under the conditions of Lemma 2 the equalities are true : 

J(a, /, c)b - Jib, f, c)a = -^-^ / J(a, b, c) (12) 

J(a, fb, c) = -J{a, f, c)b + (-1)"/ J(a, b, c) (13) 

Proof. From Lemma 2: J{a,b,fc) = (— 1)"/ J(a, 6, c). From the identity ([2]): 
J(a, b, fc) = ^J{f, c, a)b — | J(6, /, c)a — | J(a, b, f)c + | J(c, a, b)f. Combining, we 
obtain the first equality. Second equality follows from the first after the application 
of identity ^ to J{a, fb,c). ■ 

Proposition 1. Let u G J{M, M, M). There are from F for which 
M = ^ aiJ{x, y, z)xiiXi2...Xiki,Xij e X,ki eNU {0}. 

i 
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Proof. In algebra M the following identity is fulfilled: 



J(a, 6, c)ahv = J{a, b, v)cba + J{a, b, c)vba + J{a, b, v)bca+ 



+ J{a, b, cjbva — J{a, b, v)abc — J{a, b, c)avb — J{a, b, v)acb 



(a) 



Applying the operator A^(c) to identity ffHJ]) for A; = 1 obtain: J{a,b,c)cba + 
J(a, b, c)bca = J{a, b, c)acb + J(a, b, c)abc. After the application of the operator 
Aj(f) we obtain the desired identity. 

The proposition we prove by induction of the degree d of the element w.The 
corollary 2 ^6^ chapter 1, §3] imply the homogeneity of any variety of Malcev algebras 
over a field F. Therefore, the proposition is valid for d = 3. Let the proposition be 
true for all d < k. From the induction hypothesis it follows that u can be written 
in the form 



where Xij G X,ki G N U {0},fj G M. It is obvious that the elements Vi = 
Vi + J{M, M, M) of Lie algebra M/J{M, M, M) are linear combinations of the mono- 
mials of the form yayi^-'-Wu where Uij G X and / G N. Hence Vi can be written as 
Vi = yiiyi2---yii + Ui, where Ui G J{M, M, M). From the homogeneity, it follows that 
the degrees of elements Ui does not exceed fc, therefore, the induction hypothesis 
implies that Vi can be represented as a linear combination of the monomials of the 
form tiiti2...tis, where tij G X and s < k. Thus, to prove the proposition it is suf- 
ficient show that the expression of the form J{x,y, z)xiX2---Xr{wt), where Xj,t G X 
and w E M belong to the subspace generated by the set J(M, M, M)X. Prove this 
by induction induction on r. From the identity ([8]) it follows that this is true for 
r = 0. Let r = 1. There are two cases. 

1. Xi = t. Without loss of generality we can assume that xi = t = x. We have 

J(x, y, z)x{wx) = J{J{x, y, z),x, wx) — {wx)J{x, y, z)x + {wxx)J{x, y, z) = 

= —J{J{x, y, z),x, w)x — {wx)J{x, y, z)x + {wxx)J{x, y, z). 

From the identity (a) follows that the third term, and therefore all expression belongs 
J(M, M, M)X. 

2. xi 7^ t. Without loss of generality, we may assume that xi = x,t = y. Applying 
the identity (Q, obtain 

J(x, y, z)x{wy) = J(x, y, z)wxy + yJ{x, y, z)wx + xyJ{x, y, z)w + wxyJ{x, y, z) = 
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= J(x, y, z)wxy + yJ{x, y, z)wx + wxyJ{x, y, z) + ij^Ji.^^ z)xyw — -J{x, y, z)yxw. 
The identities ([8]) and (a) imply the required resuh. 

Let r > 1 and J{x,y, z)xi...Xr-iW e J{M,M,M)X. The identity ([1]) gives 

J{x, y, z)xi...Xr-iXrW = —wtj{x, y, z)xr-iXr — Xr{wt){J{x, y, 2;)a;i . . .Xr_2)3;r-1 — 

—Xr-lXr{wt){J{x,y,z)Xi...Xr-2) + J {x , y , z)xi. . .Xr^2Xr{Xr^l{wt)) = 
= —lVtJ{x, y, z)Xr-lXr+WtXr{J{x, y, z)Xi. . .Xr-2)Xr-l—Xr-lXr{wt) {J {x , y, z)Xi. . .Xr-2) ' 

— J(x, y, z)Xi...Xr-2Xr{'WtXr-l). 



Corollary 1. Let f,g,h be the polinomials from the subalgebra, generated by 
elements x and y of the Malcev algebra and degf = n. Then 

1) J{yx,f,z) = ^^^f^fj{x,y,z), 

2) J(x, /, yz) = J{x, /, z)y + ((-!)" + 1)/ J(x, y, z), 

3) if / has even degree, then J{z,g, h)Lf^y = 0. 

Proof. 1) Applying the operator Ay(/) to the identity J{yx,y,z) = J{x,y,z)y 
obtain 

J (yx, f,z) = J {y, fx, z) + J {x, f, z)y - fj (x, y, z) 
From the identity (fT^ : 

J{yxJ,z) = -J{yJ, z)x - {-lYfJ{x,y,z) + J{x, /, z)y - fJ{x,y,z), 

whence follows 1). 

2) Applying the operator A?;(/) to identity J{x,zy,z) = J{x,y,z)z we obtain 

J {x, fy, z) + J (x, zy, f) = J (x, y, z)f. 

Using now (fT2l) and (fTSll . we obtain the required result. 

3) We first show that J{x,y, z)Lf^y = 0. Combining (fT2|) and (fT3l) obtain 

J {x, f, z)y = J {fx, y, z) H ^ fJ {x, y, z) 

Applying this equality and equity 2) of this corollary, we obtain 

J {x, y, z)fy = - J {x, f, z)yy+J {fx, y, z)y = - J {x, f, yz)y-2fj {x, y, z)y+J {fx, y, yz) 
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That is 

J{x,y,z)fy = J{x, f,yz)y - J{fx,y,yz). 
From the idntities ([T^ and ([T^: 

J {x, y, z)fy = J {y, /, yz)x + 2fJ (x, yz) + J {y, fx, yz) = 

= -fJix,y,yz) + 2fJ{x,y,yz) = -J{x,y,z)yf. 
Then, from Proposition 1 it follows that J{z,g, h) can be represented as 

y^^aiJ{z,x,y)xii Xi2 ■ •■X-ik- , 

i 

where fcj G N U {0}, G F. From the homogeneity follows that Xij G {x, y}. Thus, 
it is clear that 

J{z,g,h) = J(± aiZXiiXi2...Xiki,x, y). 

i 

This implies the required assertion ■ 

Corollary 2. If / and h are the polinomials of even degree from the subalgebra, 
generated by elements x and y of the Malcev algebra M, then fh belongs to Z[M). 
Proof. The induction on the degree k polynomials h. When k = 2 the assertion 
obviously follows from the equality 1) of Corollary 1. Now suppose that statement 
is true in the case when the degree polynomial is equal to k = 21. Prove it for a 
polynomial hi of degree k = 21 + 2. 
1) Let hi = hxy. We rewrite the identity ([9]) as 

J{z,x,txy) = ^J{x,t,y)xz - ^J{x,t,y)zx - J{x,z,t)L^^y 

Apply the operator A^f) to this equation and replace thy h 

J {z, /, hxy) + J {z, X, hfy) = ^ J (/, h, y)xz + ^ J(x, h, y)fz- 

-^^(/, h, y)zx - i J(a;, h, y)zf - J (/, z, h)Lx, y - J{x, z, h)Lf^y 
That is J(z, /, hxy) = J{z, x, h)Lf^x = 0. 

1) Let hi = hxx. Apply the operator A^(/) to the equation J{z, x, txx) = J{z, x, t)xx 
and replace thy h 

J{z, /, hxx) + J{z, X, hfx) + J{z, X, hxf) = J{z, /, h)xx + J{z, x, h)fx + J(z, x, h)xf. 
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Hence, J{z, f, hxx) = J{z, x, h)Lf^x = 0. 

The proofs of the cases hi = hyy and hi = hyx are similar. ■ 

Lemma 3. In algebras M and R{M) the following identity is fulfilled: 

J{aca^''+\RM'"~\ b, c) = J(a, 6, c)L^_„L^^,, n>l,k>0. (14) 
Proof. We write the identity (E} of [8, §1] 

J{ca'^^^'^, b, c) = J(a, 6, c)a'^^{ca) - J{a, b, c)a^''+^c. 
Applying ([8]) we obtain 

J{aca^''^'^, b, c) = ~J{a, ba^^ , c)ac + ^ J(a, ba^'', c)ca + J(a, 6, c)a^''+^c. 

That is J{aca?^'^^,b,c) = J{a,b, c)L^^^La,c- Using the identities (E]) and (Q: 
J{aAc)Ll^Ll^ = J{aca''+\b,c)L:-' = J{aca^^+\RM^-\b,c) 

■ 

We denote L.^y^-^y + Ly^yL^^^ - L^^^ by d{z, y). 
Proposition 2. Let T = {L^^^, Ly^y, L^^^, L^^y, L^^^, Ly^^, L^^^y}. For all Si,Ti from 
T and for any n from N U {0} it is fulfilled: 

1) J{x,y, z)TiT2...Tn[Si, S2] = 0, 

2) J{x,y,z)TiT2...TnLy^^y = 0, 

3) J{x,y,z)TiT2...Tnd{z,y) = 0. 

Proof. We first prove the same equalities in the assumption that Si and Tj belong 
to the set Tq = T\{L2,.^2j^}. For this we prove the identity 

J{x,y,z)Ll^XyLZlL.,.,LyJ = (a) 

1) k = I = m = 0. Follows from the identity flTTl) . 

2) k = l = 0,m^O. Apply (P, ([10]) and i^. 

J{x,y, z)L^ .^Lx^xLy^y = J(^x,y,xz ^ )xLy^y = J{x^xy^^xz ) = J(^x,xy'^, z)xL^ .^ = 
= J{x,y, z)LyyLx^xL^^^ = J{yx^,y,yz'^"^~^^) = J^^^Vi ^)L'^,zLyyLx^x 
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3) A; = m = 0, / 7^ 0. It is obvious from ( |TT]) . 

4) k = 0, I ^0, m^O. From the identity ffTT]) : 

J{x,y, z)Ly^yL^^^[Lx^x, Ly^y] = —J(x,y,yz'^"^~^^y'^'' ^)[Lx^x, Ly^y] = 

5) k ^ 0, I = m = 0. Follows from the identity (fTTj) . 

6) 7^ 0, / = 0, m 7^ 0. It is similar to the case 4). 

7) k^O,l^O,m = 0. Follows from (fTT|). 

8) A; ^ 0, / ^ 0, m ^ 0. 

J(x, yL^^fLa;,^^;, Ly^j^] = J {x , y , z) L'^ Ly y L"^,^ L ^ ,x L y — 

— J{x,y, z)L^^^Ly yL^.^Ly^yLy^yLx,x = — J {x , xy'^^'^^ x"^^ ^, z)L'^^^Lx,xLy^y+ 
-\-J{yx^^'^^y'^^ ^ ,y, z)L^.^Ly^yLx^x = J{x,xy'^''~^^,xz'^"^~^^x'^^)Ly^y— 

-J{yx''+V'-\y,yz^"'^'y)Lx,x = {-J{x,xy''+\z)L',^,+J{yx"'+V'-\y,z)Ly^y)LZ = 0. 
Prove now that 

J{x,y,z)Ll,LlyLZ[Lx,y,Lx,x]=0 (b) 

1) k = I = m = 0. Follows from the identity ([9]): 

J(x,y, z)Lx^yLx^x = Jix,yxy, z)Lx^x = J{x,yxy, zx ) = J(x,y, z)Lx^xLx,y 

2) m = 0. 

3) m 7^ 0, A; = / = 0. From the identity (a): 

■J (2^? ^)L^,Z [Lx,X, Ly^y] = 0. 

Using the operator A^y) obtain 

J{x,y, z)L'^^^[Lx^y, Lx^x] = 0. 

4) m 7^ and, for example A; 7^ 0. From the identity (a): 

J{x,y,z)L^^^LyyL^.,[Lx,y,Lx,x] = —J{x,y,xz'^"^~^^x'^^ ^y'^^)[Lx,y,Lx,x] = 
Prove now that 

J{x,y,z)Ll,LlyL^^ALx,y.L.^,^ = Q (c) 
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1) k = I = m = 0. From the identity (b) follows J{x,y, z)[Lx^z, Lz,z] = 0. Applying 
the operator A^(y) obtain 

J (x, y, z) [L^^y, L^J + 2 J (x, y, z) [L^,^, L^, J = 

J{x, y, z) [Lx^z, Ly^z] = J {x, y, z)Lx^zLy^z ~ J{x, y, z)Ly^zLx,z = J {xzx, y, z)Ly^z~ 
-J{x,yzy,z)Lx,z = J{xzx,yzy,z) - J{xzx,yzy,z) = 0. 
Hence, J{x,y, z)[Lx,y, Lz,z] = 0. 

2) /c = Z = 0, m 7^ 0. From the identity (a) follows J{x,y, z)L^^[Lx^x, Lz^z] = 0. 
Applying the operator A^y) obtain J{x,y, z)L'^^[Lx,y, Lz^z] = 0. 

3) A; = 0, / 7^ 0, m = 0. From the identity (a) follows J{x,y, z)Ly^y[Lx^x, Lz,z] = 0. 
Applying the operator Al{y) we have J{x,y, z)Ly^y[Lx^y, Lz^z] = 0. 

A) k = 0, 1 ^ 0, m ^ 0. From the identity (a) follows J(x, y, z)Ly^yL'^^^[Lx,x, Lz,z] = 0. 
Applying the operator Al{y) obtain J{x,y,z)L[j^yLf^^[Lx,y,Lz,z] = 0. 

5) 7^ 0, / = m = 0. From the identity (a) follows J{x,y, z)L^ ^[Ly^y, Lz^z] = 0. 
Applying the operator A^(x) obtain J{x,y, z)L^^^[Lx^y, Lz^z] = 0. 

6) A; 7^ 0, / = 0, m 7^ 0. From the identity (a) follows J{x, y, z)L^^^L'^^J[Ly.y, Lz^z] = 0. 
Applying the operator A^(x) we have J{x,y, z)L'^^^L'^^^[Lx,y, Lz^z] = 0. 

7) /c 7^ 0, / 7^ 0, m = 0. Using the identities (b), flT^ and (a) obtain 

J{^^y^ ^)Lx,xLl,y[Lx,y, Lz,z] = J{X-,y-,z)L!l.,xL\,yLx,yLz,z — 

—J{x,y, z)L^^^Ly yLz^zLx,y = J{x,y, z)L^^^Lx^yLy yLz^z~ 
—J{x,y,z)L^,j.LyyLz^zLx,y = J{xyx'^^^^ ,y, z)L^yyLz,z — Ji^^V^ z)Lx^x^y^yLz,zLx,y = 
= -J{xyx^''+\y,yzY^-^)-J{x,y,z)Ll^LlyLz,zLx,y = - J(x, 

—J{x,y, z)L^^^Ly yLz,zLx,y = J{x,y,z)Ly yLz,zLx^x^x,y—Jix,y,z)L^^^Ly yLz,zLx,y = 

8) A; 7^ 0, / 7^ 0, m 7^ 0. Using (a) we obtain 

Ji^^y^ ^)Lx,x^y,y^T,z[^x,y, Lz^z] = — J {x ^ y ^ X z'^"^'^^ x'^'' ^ y'^^)Lx^yL z^z — 

-J{x,y,z)L'^^XyLT,t'Lx,y = -J{x,yxy,xz'^^^x''-V')' 
— J{x, y, z)L'^ ,^Ly yL^J'^Lx^y = —J{x, y, xz^^^'^x'^^ ^y'^^)Lx,y— 
—J{x,y,z)L^^^LyyL'^J^^Lx^y = 0. 
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We prove now the identity 

1) m = 0. From (c) using the operator /\\{x). 

2) / = 0. From the identity (c): 

Applying the operator A^(x), obtain the required result. 

3) /c = 0. The proof is similar to the cases 1) and 2). 

4) A; 7^ 0, / 7^ 0, m 7^ 0. Using the identities (b), ([14]) and (a): 

Ji^iVi ^)Lx,xL''y,yL^,zLx,yLx,z = J{^-,y-,z)Lx,yL\,yL^x,xLT,zLx,z = 

J{x,yxy^'+\z)Ll^Ll^Lx,z = J(x, W+\ zxz^^+^x^^) = J{x,y,zxz'^+\'''')LlyLx,y = 

= J{x,y, z)L^^^L'^,^Lx^zLy yLx^y = J{x,y, z)L'^^^Ly yL'^,^Lx^zLx,y 
From the proved identities it follows 

Jix,y,z)Ll,LlyL':^jS^,S2] = 

where Si G Tq. Hence, with operator Al{y) it is easy to prove the identity 

J{x,y,z)LlyLl,LlyLZ[S^,S2] = 0, 

using the induction on n. The induction on p and operator A^(?/) give the identity 

Ji^^y^z)Lx,yLy^^L'^^^LyyL'^.^[Si,S2] = 0, 

. Finally, the induction on q and the operator Ax{z) give the identity 

J{x^y^^)Lx,yLy;,Ll.^L^^^LyyL'^^^[Si,S2] = 0. 

This is the equality 1) assuming that the Si and Tj belong to the set Tq = T\{Lx,zy}- 
We now prove the equality of 2) assuming that Si and Tj belong to the set Tq = 
T\{Lx,zy}- For this we prove 

J (x, y, z)L'^ yL^ .^L'^^^Ly yL'^.^Ly^zy = 
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1) n = p = k = l = 'm = 0, Obviously follows from the equality 3) of Corollary 1 
and from Proposition 1. 

2) n = p = l = m = 0, ky^O. Applying the identity (6) and proved in this 
Proposition identities we obtain 

J{x,y,z)Ll .^yLy^:, = J{yx'^''^^,y, z)Ly^^ = J{yx'^''^^,y, zyz) = J{x,y, zyz)Ll .^y = 

= J{x,y, z)Ly zL'^ .^y = J{x,y, z)L^ .^Ly .^y. 
That is, J(x, y, z)L^ x^y,zy ~ Hi ^)Lx xy^y,z = 0- From the identity (j7]): 

J i^i Vi z)Lx,xLy,zy — J (x^ y, z)Ll^^yLy^z = J (x, y, z)L'^^^Ly^yz = 0. 

3) n = I = m = 0, k ^ 0, p ^ 0. Using the identity ([7]) obtain 

J{x,y,z)Ll^Ll^^Ly^,y = J{x,y,z)Ll^Ll^Ly^,y = -^J{yx^''+^Ll-^z,y,z)Ly^,y+ 

+ ^Jizx''+'Ll;,'y,y,z)Ly,,y = 0. 
In other cases, using the identities ([6]) and (fT^ it is easy to show that 

Jix,y, z)L'^. yLy .^L^ ,^Ly yL^.^Ly^zy G J{M,y,z)Ly^zy = 0. 

Applying the operator ^l.{z) to the resulting identity and using the induction on q 
is easy to prove the identity 

J{x,y,z)L^yLy,^L'l,^L^^^LyyL^.,Ly^zy = 0. 
We now prove equality 3) assuming that the Si and Tj belong to the setTo = 

T\{Lx,zy}- 

l)n = p = k = l = m = 0. From the identity and the operator Ly^^'- 

J (x, y, z)d{z, y) = J (x, y, z)Lzy^-,y + J (x, y, z)Ly^yL-^^-^ - J (x, y, z)Ll^^ = 

1 1 

= J{x,y,z){zy){zy) + J{x,y,z)Ly^yLz^z-J{x,y,z)Ll .^ = J{-xyz - -xzy,y, z){zy) + 

1111 

+ J (x, y, z)Ly^yLz^z - J (x, y, z)Ll^^ = J{-xyzyz - -xyzzy - -xzyyz + -xzyzy, y, z) + 

+J (x, y, z)Ly^yL^^^ - J (x, y, z)Ll^^ = 0. 
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2) n = p = I = m — 0, k ^ 0. Apply to the identity J{x,y, z)L^^Ly y — 
J{x,y,z)Ll^^Ly^y the operator /^l{zy): 

J {X-, V: ^)Lx,x^zy,zy+'^J {x, Zy, z)Ll ,^Ly^zy = J {x, y, z)Lzy^zyL^x,x^'^J ^Vi ^)^y,zy^l,x 

J{x, y, z)L^^,j.Lzy^zy-^2J{zx^'^^^ ,y, z)Ly^zy — J{x, y, z)Lzy^zyL^,x^'^J{^^^ ^)^y,zyLx,x 

J {x, y, z)L'^ ,^Lzy^zy = J {x, y, z)L;^y^zyL^x,x 

Prom the proved identities J{x,y, z)L'^ ,j.d{z,y) = J{x,y, z)d{z,y)L^^^ = 0, that 
required. The remaining cases are proved similarly to the equality 2). 
We now prove that 

J{x,y,z)T^T2...T^[S^,S2]^0. 

for all Tj from Tq and Sj from T. Let none of the operators Tj be not equal Lx^x- 
From proved equalities of this proposition follows 

ix,y,z)TiT2...Tn[Lx,x,Ly,y]^0. 

Apply the operator A^(zi/). Obtain L^^^^A^ (2:2/) = L.y^y, Ly^yAl{zy) = 0, L^^^Al{zy) = 
0, Lx,zAl{zy) = L^y^^, Ly^^AKzy) = 0. 

J{x,y, z)TiT2...Tn[Lx,zy, Ly^y] — 0, 

where Tj 7^ Lx,x- The proof of this identity for all Tj e T is obtained by induction 

on degree of the operator Lx^x using the operator Al{x). Besides Lx,zAl{x) = Lx,x- 
The remaining terms arising from the action of the operator are equal to zero from a 
previously proven identities. Applying to the resulting identity of the corresponding 
operator Al.,{xj) , Xi,Xj E X obtain 

J(x,y,z)TiT2...T4Si,S2]^0. 

For all Ti from Tq and Sj from T. 

We now prove all statements of this Proposition without restrictions on Tj and Sj. 
We shall prove the conjunction of all three statements using induction on /, where 
I is number of operators L^^zy in the sequence Ti, T2, T„. For / = all three 
identities are proved. Assume now that all three identities proved for all /, do not 
exceed k. We show that these identities are fulfilled for Z = A; + 1. 

First, we note that induction hypothesis for 1) implies that if we have any se- 
quence of operators from T and it contain not more than A; + 1 copies of Lx^zy then 
we can permute this operators acting on J{x,y,z). Suppose now that among the 
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Ti, T2, Tn there are k + 1 copies of L^^zy Let Tj = L^^zy Replace it by the operator 
Lx^x- From the induction hypothesis: 

J{x,y, z)TiT2...Lx,x-Tn[Si, S2] = 0. 

Applying to this identity the operator Al{zy) and taking into account equalities: 

Lx,xAx{zy) = 2Lx^zyi Lx^zy^xi^y) = Lzy^zyj Lx^z^xi^y) = 2Lz^zyj Lx.yAl.[zy) = 
2Ly^zy, Ly^yAl{zy) = Lz,zA.l{zy) = Ly^z^Kzy) = , and conditions 2) and 3) we 
obtain 

J{x,y, z)TiT2...Lx,zy-Tn[Si, S2] = 0. 

Similar arguments prove the assertion 2) and 3) for a sequence Ti, T2, T„ contain- 
ing k + 1 copies of Lx^zy • 

Corollary 1. Let U = J{x,y, z)TiT2...Tn, for some 

Ti T ^Lx.Xl Ty^y, Lz^Zl Lx^y, Lx^zi Ly zi Lx^zy}l 

k,l,m,n E N U {0}. The following equalities are fulfilled: 

ULx,zy ULyxz — ULz^yx (15) 
U[Lx„x,,Rx,] = 0,XieX (16) 

Ji^^y^ ^)Lx,xLyyL^,zi^z)Lx,xy = 

= J {x, y, z)L^ ,^Ly yL'^,^xzLx^xy = J {x, y, z)L^^^Ly yL'^.^zxLx^xy = 0. (17) 

J{x, y, z)Ll,LlyLZzx[Rx. Lx,y] = 0. (18) 

Proof. The equality (fT5l) . From the Proposition 2: ULx^xy = 0- Apply the operator 
Al{z) to this equality. From Proposition 2 obtain ULz^xy + ULx^zy = 0. That is, 
ULz^yx = ULx^zy Similarly, the operator A.y{z), applied to the identity ULy^yx = 
gives ULz^yx = ULy^xz- 

The equality f|T6l) . The equalities U[Lx^y,Rx] = U[Lx^y,Ry] = 0, U[Lx^z,Rx] = 
U[Lx^z,Rz] = 0, U[Ly^z,Ry] = U[Ly^z,Rz] = follows from the identity ([7]) and 
Proposition 2. The equality U[Lx^y,Rz] = U[Ly^z,Rx] = U[Lx^z,Ry] = follows 
from the identity ([7]) and from the equality f[T^ . 
The identity f[T71) . From the Proposition 2 and the equality flTBl) : 

J{^^y^^)L\^yL'^^z^L^x,xTx,y = J{'^^y^ z)Lx,yL^y^yU^.,zL\,j.. 
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Apply to this identity the operator A.y{xy). Prom the Proposition 2 we have: 

J{x,xy,z)Ly^yLy^xyLljL'^^z^L^^^Lx,y = J{x,xy, z)Lx,yLy^yLy^xyLy^y V^^^zV^^^ = 

J{x, y, z)Ly y Ly^xyLy^y L^^^zL^^^L^^xy — J{^: V: z)Lx,xyLy^y Ly^xyLy^y L^^^zL^^^ — 
J{X, Ui ^)L^y,yLxy,xyLy^yL'^,,^L^x,xLx,y = J{x., |/, z) Lx,yLy y Lxy^xyL^ J L^^^^zL^^^. 

J{x, xy, z)Lj.^xyLy yL'^^^zL'^^^ 
Therefore, the application of the operator gives 

J{x, xy, z)L'y^yLl^zLl^Lx,xy = 0. (a) 

Purthermore, 

= J{x, xy, z)Ly yL'^.^zL'^ ,^Lx,xy = J{x, y, z)Ly yL'^.^xzL'^^^Lx,xy = 

— ~J i^^ Vi z)Ly,yLT,z^^Lx,xLx,xy + 2 J {x, y, z) L^y yU^.^L x ,zL^ ^x^ x ,xy = 
= —J[x,y,z)LyyL^.,ZxL^,^Lx^xy = ~Jip^-iy-iZ^-^y,y-^z,z^-^-^ Lx^xy — 
= -J{x,y, z)LyyL'^.^ZX^''xLx,xy = -^i^^V^ ^)Ly^yL'^^z^x,x^^^x,xy = 

J{x, y, z)Ly yL^.^Ll ,^xzLx,xy — 2J(x, y, z)Ly yL'^^^L'^^^Lx,zLx,xy = 
= J{x,y, z)Ly yL'^,^Ll^^xzLx,xy 

That is, 

J{x,y, z)LyyL'^^^Ll,^XzLx,xy = -J{'^iyi^)Ly,yL7,z^''x,x^^^x,xy = 

If m > 0, then 

J{^^y^ ^)L''y,yLT,z^x,xi^^)^x,xy = — J {x , Zy"^^^^ Z^™' ^ X^^ , z){xz)Lx,xy = 

— ——T(-y y,,2i+l y2m-l 2fc y\y^T i}iT(^ 21+1 2m-l 2k ~\^~T _ 

— 2 ^ ' " ) J ^•^■'-'XjXy 2 "^^ ' J-^^-'-'XjXy — 

= ^)Ll,,yLT,z^x,x^^^x,xy " -j^J{^^y ^ z)L\,yL'^,z^^x,x^^^x,xy = 

Similarly for A; > 0. 
Let k — I — m — 0. 

1 1 

J{x,y, z){xz)Lx^xy = '^J{x,y,z)zxLx,xy~'^J{x,y,z)xzLx,xy = ~J{x,y,z)xzLx,xy = —J{x,xy,z)zL, 
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Suppose = m = 0, / 7^ 0. From (jH]) and proposition 2: 

= J{x,y,z)xzLyyLx,xy (b) 
Applying the operator Al{zx) to identity 

J (x, y, z)Ly yZ = J (x, y, z)zL[ y 

obtain 

J{x,y,zx)Ll yZ + J{x,y,z)L[^y{zx) = J{x,y, z){zx)Ly y + J{x,y,zx)zL[ y 

— J{x,y, z)Ly yXzLx^xy + Ji^^y^ z)Ly y{zx)Lx^xy = Ji^^y^ ^)i^^)Ly yLx^xy~ 

-J{x,y,z)xzLy 
From the identities (a) and (b) obtain: 

J{x,y,z)L[y{zx)Lx,xy = 
The identity (UHl) follows from ((171) and (CD . ■ 

Lemma 4. In the algebras M and R{M) the following identities are fulfilled: 

X, y, z) = G(t, X, y, z)x — 2J(x, y, z){tx) (19) 
G{tx^, X, y, z) = G{t, X, y, z)x^ + 2 J (x, t, + 2 J (x, y, t)Lx,xz (20) 

t{yx)z + t{zy)x + t{xz)y = tLx^zy + tLy^xz + tL.^yx - ^J{x,y,z)t (21) 

2 2 2 

G(t, X, y, z) = -{tyzx — txzy) + -(tzxy — tyxz) + -{txyz — tzyx) + 
o o o 

2 2 2 

+ -^tLx^zy + -^tLy^xz + -^tLz^yx — J{x, y, z)t (22) 

Proof. The identity ( IT^ . From the identities (ED, (HD and the definition of the 
function G: 

3 

-G(tx,x,y, z) = J(tx,y,z)x+J{x,tx,z)y+J{x,y,tx)z—J{x,y,z){tx) = J(tx,y, z)x+ 
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+J{yz, X, tx)—G{y, z, x, tx) — J{x, y, z)(tx) = J(tx, y, z)x—J{yz, x, t)x+G(tx, x, y, z) — 

—J{x, y, z)(tx) = G(tx, X, y, z) — J(x, y, z)(tx) + i^G{t, x, y, z)x, 
whence follows the desired. 

The identity (!20|) . From the identities ([8]), ([3]), and the definition of the function 
G: 

11 3 

(tx)J{x, y, z) = —-J{x, t, z)xy — -J{t, x, y)xz — J{y, z, tx)x — -J{x, t, zy)x = 

Zi Zi 

11 3 

= - J(a;, t, z^yx + y)zx — J{y, z, tx)x — -^J^^i — J{x, t, z)Lx^y — 

1 1 

-J (t, X, y)L,^^^ ^2^"^ ^' ^)^+^ ^' y)^+'J ^' zy))x--G{t, x, z)x-J{x, t, z)L^^y- 

-J{t,x,y)L^^^ = ^{G{y,z,t,x) - 2J{t,x,yz))x - ^G{t,x,y,z)x - J{x,t, z)L^^y- 

-J {t, X, y)L^,z = - J {x, t, z)L^^y - J (t, X, y)L^,z - J {t, x, yz)x. 
Further, from the identity (fT9l) we have: 

X, y, z) = G{t, X, y, z)x — 2J{x, y, z)(tx) = G(t, x, y, z)x — 2J{x, t, z)Lx^y— 

-2 J (x, t)L^^z - 2 J (t, X, yz)x 
Thus, from this identity and the identity ([7]) obtain: 

G{tx^, X, z) = G(tx, X, y, z)x — 2 J(x, tx, z)Lx,y — 2J(tx, x, y)Lx,z — 2J(tx, x, yz)x = 

= G(t, X, y, z)x^—2J{x, t, z)Lx,yX—2J{x, y, t)Lx,zX—2J(t, x, yz)x'^+2J{x, t, z)xLx^y+ 
+2 J {t, X, y)xL^^z + 2J{t, X, yz)x^ = G(t, x, y, z)x^ + 2 J (x, t, z)L^^^y + 2 J(x, y, t)L^^^z- 
It implies ( 12T|) . From the identity ([T]) we have: 

t{xy)z + t{yz)x + t{zx)y = yzxt + tyzx — txyz — zt{xy) +xyzt + txyz — tzxy — yt{zx) + 

+zxyt + tzxy — tyzx — xt{yz) = ty{zx) + tx{yz) + ty{zx) + J(x, y, z)t. 
That is, 

t{xy)z + t{yz)x + t{zx)y = ty{zx) + tx{yz) + ty{zx) + J(x, y, z)t. 
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Hence follows the identity ( ETj) . 

Further, from this identity and the identities ([T]) and (E]) we obtain: 

2 

G{t,x,y,z) = -{J{t,y,z)x + J{x,t,z)y + J{x,y,t)z - J{x,y,z)t) = 

= tyzx + ztyx + yztx + xtzy + zxty + tzxy + xytz + txyz + ytxz — J(a;, ?/, z)t = 

2 2 2 2 

= -(tyzx — txzy) + - {tzxy — tyxz) + -{txyz — tzyx) — -{t{xy)z + t{yz)x + t{zx)y) — 

o o o o 

2 2 2 2 2 

-- J(x, = -{tyzx - txzy) + -(texy - tyxz) + -(ta;?/^; - tzyx) + -tL^^,y+ 

2 2 

~\";:tLy xz + '^tLz^yx ~ J {x^ y, z)t. 



Lemma 5. Let T — {^L^^x^ Ly^y, L^^z^ L^^y, L^^z-, Ly^z^ L^^zy] ^ and Ti E T, n (z 
N U {0}. In the algebras M and R{M) the following relations are fulfilled: 



Proof. We first prove that 

J {x, y, z)Ll^,L[^yU^,J (x, y, z) = 0. 
From the identity ([20]) for t = J{x,y,z)Ll^^Vy yL'^^^: 

G{tLx,x, X, y, z) - G{t, X, y, z)Lx,x = 2 J {x, t, z)Lx,xy + 2 J {x, y, t)Lx,. 
If + m 7^ and A; + / 7^ 0, then from identity ( |T71) we obtain: 



G{tLx,x, X, y, z) - G{t, X, y, z)Lx,x = 2 J (x, J (x, y, z)Ll^^L[ yV^^^, z)Lx,xy+ 

-\-2J{x,y,J{x,y,z)L^,^LyyL^.^)Lx^xz = ~'^J{x,J{x,xy ~^ x z ,z),z)Lx^xy~ 
-2 J(x, y, J{x, y, xz''"'+'x^''-y))Lx,xz = QJ{x, y, z)LlxL[,yLZ{xz)Lx,xy+ 
+QJ{x,y,z)Ll,L[^yLl^{xy)Lx,xz = 0. 



J{x,y,z)TiT2...TnJ{x,y,z) = 
J{x,y, z)TiT2...Tn{J{x,y, z)Lx,x) = 
J{x,y, z)TiT2...Tnx{J{x,y, z)x) = 



(23) 
(24) 
(25) 
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Suppose, for example k + I = 0, that is t = J{x, y, z)L^^. 

J (x, y, J (x, y, z)L'^y)L^^^^ = J (x, y, J (x, y, V^))^^,^^ = 3 J (x, y, z)L'^y{xy)L^^^^ = 0. 

That is, J{x,y, J {x,y , z)L'^,y)Lx xz = 0. Applying the operator /\^{z) to this iden- 
tity we obtain J{x,y, J{x,y, z)U^^)Lx^xz = 0. Further, 

G{tLx^x, X, y, z) - G{t, X, y, z)Lx^x = 2 J (x, t, z)Lx^xy + 2 J (x, t)^^,:^^ = 0. 

Thus, we have G(tLx,x,x,y, z) — G(t,x,y, z)Lx,x = 0, for all t of the form t = 
J(x, y, z)L^^^Ly yL'^.,. Using this equality and induction on k + 1 + m obtain: 

J(x, z)Ll^,LlyL:],G = J(x, ^)GL^,,4_^L- (a) 
Further, we denote J{x,y, z)L'^ ,j.Ly yL^^ by f/. We have: 

ULz^zXyz = Uzzxyz = —U zxzyz+2U zL^^zyz = U zxyzz—2U zxLy^zZ+2U zL^^zyz = 

= —U xzyzz+2U Lx^zyzz—2U zxLy^zZ+2U zLx^zlJZ = Uxyzzz—2UxLy^zZZ+2ULx^zyzz— 

—2U zxLy^zZ + 2U zLx^zHZ = UxyzLz^z ~ '^UxLz^zLy^z + "^UL^^zULz^z — 2UzxLy^zZ+ 

+2UzLx,zyz = UxyzLz,z - 2UxLz,zLy,z + 2ULx,zyLz,z + 2UxzLy^zZ - WLx^zLy^zZ 

—2U Lx.zLz^zU + 4f/ zLx^zLy^z — U xyzLz^z ^ 2[/ xLz^zLy^z + 2f/ xzLy^zZ- 

From (ITSl) it follows that sum of the last two terms is 0. That is, ULz^zXyz = 
UxyzLz^z- Similarly can be verified the equality ULy^yXyz = UxyzLy^y and UL^^xXyz = 
UxyzLx^x- Therefore, 

J (x, y, z)Ll^,L[^yV^^,xyz = J (x, y, z)xyzLl^,L[^yV^^.^ (b) 

From the identities fl2^ . (a), (b) and Proposition 2 for f/ = J{x,y, z)L^ ,^Ly yL^.^ 
we have: 

2 2 2 2 2 2 2 

UJ{x,y,z) = +UG--Uyzx+-Uxzy--Uzxy+-Uyxz--Uxyz+-Uzyx-~-ULx,zy- 

2 2 2 

--ULz^yx- -ULy^xz = --[-UG + {J{x,y, z){yzx + xzy - zxy + yxz - xyz + zyx) + 

+J{x, y, z){Lx^zy + Lz^yx + Ly^xz)]L'^,xL''y,yL^,z = ^ ^ Vi z) J {x , y, z)L'^ ,^Ly yL'^.^ = 
Induction on the degree of operator Lx,y and application of Al{y) give: 

Jix,y,z)LlyL';^,LlyL^Jix,y,z)=0. 
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Induction on the degree of operator Ly ^ and application of A^(?/) give: 

J (x, y, z)L^ .,L'2^yL^^^Ly yL'^.^J{x, y, z) = 0. 

Induction on the degree of operator L^. ^ and apphcation of A5,(x) give: 

J (x, y, z)Ll^^L^ .^L]^ yL^^^Ly yL^.^J{x, y, z) = 0. 

Induction on the degree of operator L^^zy and apphcation of AKzy) give: 

J{x,y,z)Ll.^yLl.^L^..L'2^yL'^^^LyyL'^.,J{x,y,z) = 0, 

for ah k, I, m,n,p,q,s G N U {0}. 
Prove (^^. First, we prove that 



Applying to (125]) the operator Ay{yx'^). From ([7]) and Proposition 2 obtain: 

J{x,y, z)L^ ,i,Ly yLy yx'2 = J{x,y^ z)L^ ,^Ly yLyx^yx ~ Ji^^iUi z^L^^^Ly yXLy yx-\- 
-\-J{x, y, z)L^ ,^Ly yLy^yxX = J{x, y, z)L^ ,j.Ly yLyx^yx + J{x-, y, zL^^^Ly yX)Ly^yx = 

k T i 



Ji-^^iUi ^)-^x,x■^y,y■^yx,yx^ 
^heTe^OTe, the application of the operator A^(?/x^) with Proposition 2 and the equal- 
ity ([23]) give: 

J (x, y, z)Ll^,L[^yU^^^{J (x, y, z)Lx,x) = 0. 
Induction on the degree of operator Lx^y and application of A^(x) give: 

Jix,y,z)LlyLl,LlyL'^,{J{x,y,z)Lx,x) = 0. 
Induction on the degree of operator Ly^^ and application of Al{y) give: 

Ji^^y^ z)Ly^zLx,yLx,x^y,y^T,ziJi^^y^ ^)Lx,x) = 0. 

Induction on the degree of operator Lx^z and application of A5;(x) give: 

J{x,y,z)Ll.^L^.^L'2^yL'^,^LyyL'^.^{J{x,y,z)Lx^x) = 0. 

Induction on the degree of operator Ly^xz, application of Ay{xz) and the equality 
(fT5|) give the eqality (El). 
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Prove (^^. The following equality is obvious: L^^yx^Hzx) = Lzx,yx From the 
Proposition 2: 

J{x,y,z)TiT2...Tid{z,x) = J{x,y, z)TiT2...Ti{Lzx,zx + Lx,xLz,z - Ll,z) = 0) 
That is, 

J{x,y,z)TiT2...TiLzx,zx = J{x,y, z)TiT2...TiLx,xLz,z - J{x,y, z)TiT2...TiLl^^ 
for all Tj E T,i E N U {0}. Applying the operator A5,(y) to this equlity obtain: 

J{x,y, z)TiT2...TiLzx,yx = J{x,y,z)TiT2...TiLx,xLz,y - J{x,y,z)TiT2...TiLx,zLx,y 

From (!23|) and Proposition 2 the identity follows: 

J{x,y,z)TiT2...T„J{x,y,z) = 0, 

where Tj G TU{Lx^zx, Lz^zx}- The application of the operator /\\{zx) to this identity, 
gives: 

J{x,y,zx)TiT2...TmJ{x,y,z) + J{x,y,z)TiT2...TmJ{x,y,zx) = 0, 
for all Tj G T U {Lx^zx, Lz^zx}- Now write fl23|) as follows: 

J{x,y,z)Lly^Ll.^L^.^L2^yL^^^LyyL'^.,J{x,y,z) = 
for any /c, /, m, n,p, g, s G N U {0}. 

Applying to it the operator Al{zx), grouping corresponding terms and considering 
the previous identity, we obtain fl2^ . ■ 

Lemma 6. In the algebras M and R{M) the following relations are fulfilled: 

J{y, z, x{RzyRxT) = Av, z, x)Ll^y (26) 
J(x,i/,^)G" = 6"J(x,y,z)L^,,, (27) 
Proof. Prove first the identity 

J{x,x{RzyRxTRzy,y) = Jix,y,z)yxL'^.^y 

by induction on n. For n = this identity is obvious. Suppose that it fulfilled for 
n = k. Prove it for n = k + 1. Applying the operator Ay{zy) to the identity 

J{x,txy,y) = J{x,t,y)xy : 
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J(x, tx{zy),y) + J{x, txy, zy) = J{x, t, yz)xy + J(x, t, y)x{yz) 
If t = x{RzyRxYRzy, then 

J{x,tx{zy),y) = -J{x,txy,zy) + J{x,t,y)x{yz) 

And from the identity obtain: 

J{x,tx{zy),y) = -J{x,txy,zy)+J{x,t,y)x{yz) = ^J{x,t,y)[R^,R^y]+J{x,t,y)x{yz) 

= J {x, t, y)L.^^-,y = J {x, y, z)yxL\^^l. 

Prove now the identity fl26|) by induction on n. Let n = 1. Apply the operator 
/S}y{zy) to the identity 

J {y, z, xyx) = J {y, z, x)L^^y. 

We have J{y, z,x{zy)x) = J{y, z,x)Lx^zy Suppose the identity holds for n = k. 
Prove that for n = k + 1. Applying the operator Ay{zy) to the identity ([9]) we have 

J {z, y, tyx) = ^J{y, [Rz, Ry] + J {z, y, t)L^^y 



Let t = x{RzyR, 



X ■ 



J {z, y, t{zy)x)-J{z, y, t)L^^zy = - J {z, y, tyx)z+J {z, y, t)zL^^y+^J{zy, t, x) [R^, Ry]- 

1 11 
+ 2 ^(l/' ^) [^^' R^y] = ^' ^)y^^~2'^iy' x)zyz-J{z, y, t)L^^yZ+J (z, y, t)zL^^y- 

+]j^J{.zy,t,x)[Rz,Ry] + ]^J{y,t,x)[Rz,Rzy] 
Let if: = x{RzyRxY ■ From (fT6|) and the induction hypothesis: 



J{z, y, t{zy)x)-J{z, y, t)Lx^zy = ^^(y, t, x)yz^-]^J{y, t, x)zyz+^J{y, t, x)[Rz, Rzy]. 
From the proved identity, the Proposition 2 and identity ([9]): 

J{z,y,t{zy)x) - J{z,y,t)Lx^zy = ^J{zy,y,x)xL^^^^yXyz^ - ^J{zy,y,x)xL^^^^yXzyz+ 

+ \j{zy,y,x)xLl^^yX[Rz,Rzy] = ]^J{zy,y,x)Ll^^yXxyz^ - ^J{zy,y,x)L''^^,yXxzyz- 
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+^J{zy,y,x)L''^.^,yXx[R^, R,y] = ]^J{zy,y,x{R^yR^fL^^^)yz^- 

~J{zy,y,x{R^yR^)''L^^^)zyz - J{zy,y,x{R^yR^)''L^^^){zy)z = 

Prove now the identity by induction on n. Let n = 1. From ([3]), ( ETj) and (IT^ 
obtain: 

2 2 

G{J{x,y,z),x,y,z) = -J{J{x,y,z),y,z)x + -J{x,J{x,y,z),z)y+ 

2 2 

+ 2 {x, y, z))z - - J(x, z)J{x, y, z) = 2 J (a;, y, z){zy)x + 2 J (x, 

+ J (x, y, z) {yx)z = 2 J (x, y, z)L^^^y+2J (x, ?/, z)Ly^^^+2J (x, = 6 J (x, 

Suppose, the identity holds for n = k. Prove it for = /c + 1. From the identities 

(H, am. m and (esi): 



2 

6*-'G( J (x, ?/, X, 2;) = -6''( J (J (x, z)x+J{x, J (x, z)y+ 

2 

+J(x, J(x, z)L^^^^y)z - J(x, z)Ll^^yJ{x, y, z)) = -6'=(J(J(x, z)Ll^^y, y, z)x+ 

2 

+J{x,J{x,y,z)Ll.^^,z)y+J{x,y,J{x,y,z)L';yJz) = -Q^{J{J{x{R^yRa,f ,y,z),y,z)x+ 

+ J(x, J(x, y{R^^Ryf, z), z)y+J{x, y, J(x, z{Ry^R^f))) = 2-Q^{J{x{R^yR^f , y, z){zy)x+ 
+ J(x, y{R^,Ry)\ z){xz)y+J{x, y, z{Ry^R,f){yx)z) = 2-Q\j{x{R,yR^)\ y, z){zy)x+ 
+J{x{R,yR^)\ y, z){xz)y+J{x{R,yR^f, y, z){yx)z) = 2-6\j{x{R,yR^)\ y, z)L^^,y+ 
+J{x{R,yR^)\ y, z)Ly^^^ + J{x{R,yR^)^, y, z)L^^y^) = 2-Q\j{x{R,yR^)\ y, z)L^^,y+ 
+J{x{R,yR^)\ y, z)L^,,y + J{x{R,yR^)\ y, z)L^^,y) = 6'=+V(x, y, z)Llfy. 



Lemma 7. The set 

U U Ux U Uy U Uz U Vxy U Vxz U \Jyz 

generates a hnear space J(M, M, M) over field F. 
Proof. We first prove that if 

Ue\J = {J{x,y,z)G'Ll,LlyLlM,yLl.Ll,%l,^^^^ 
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then 

UG = 6U Lx^zy = 3f/ {xyz — zyx) = 3U {yzx — xzy) = 3U {zxy — yxz) (28) 

Uxyz = 1/6UG + ULy^.x - UL^^.y + UL^^yZ (29) 
From the identity f|T9|) : 

G{ULx,x,x,y,z) - G{U,x,y,z)Lx,x = -2J{x,y, z){Ux)x - 2J{x,y, z){ULx,x) 

On the other hand, from the identity ([T]): 

{Ux){J{x, y, z)x) = U J{x, y, z)xx + xUJ{x, y, z)x + J(x, z)xxU. 

From ([23]), (EH), 

UxJ{x,y,z)x = —{Ux){J{x,y, z)x) = 0. 

Thus, 

G{ULx,x,x,y,z) - G{U,x,y,z)Lx,x = 
and the operators A;^.^(a;2), Xi E X give the identities: 

G{ULx^^x2,x,y,z) - G{U,x,y,z)Lx^^x2 = 0, 

for all Xi G X. Let U = J{x,y, z)TiT2...Tn, where 

Ti (z T ^Lx^xj Ty^yj -^z^zy Lx^y, Lx^zy -^y,2; Lx^zy}: 

and 77, G N U {0}. The Proposition 2 implies that U can be written 

U = J{x,y,z)L'^,,ySiS2...Sn-k, 

where Si G T\{Lx^zy}- Therefore, using the proven identity and the identity ([2 
and ffTSl) obtain: 



G{U,x,y,z) = G{J{x,y,z)Ll .^ySiS2:.Sn-k,x,y,z) = G{J{x,y, z)L''^^^y,x,y, z)SiS2...Sn-k 



= 6J{x,y,z)L^Z^ySiS2...Sn-k = QULx^zy = QULy^xz = QULz^yx- 
From the identities (I22D, ([15]), (I23D and (USD: 



2 2 2 

G{U, X, y, z) = -{Uyzx — Uxzy) + -{Uzxy — Uyxz) + -{Uxyz — Uzyx) + 

o o o 

25 



2 2 2 2 

+ -UL^^-,y + -ULy^^-^ + -UL^^y^ - J {x , v , z) U = -{Uyzx - Uxzy) + 

2 2 2 2 

+-{Uzxy—Uyxz) + -{Uxyz—Uzyx)+2ULz^yx = -{Uyzx—Uxzy) + -{Uzxy—Uyxz) + 

o o o o 

2 1 

+ -{Uxyz - f/^yx) + -UG. 

o o 

That is, 

UG = Uxyz—U zyx+Uyzx—Uxzy+U zxy—Uyxz = Uxyz—U zyx—Uyzx+2ULy^zX+ 

+Uxyz — 2UxLy^z — Uzyx + 2UzLy^z + Uxyz — 2ULx^yZ = 3Uxyz — SUzyx. 

The remaining equahties in ( l28l) can be proved similarly. Further, from (l28ll and 
Ml): 



_ 1 
~ 3 

that implies f l29|) . 

Let M G J(M, M, M). Proposition 1 implies that there are from F for which 



Uxyz = -UG+Uzyx = -UG-U zxy+2U zL^^y = -UG+Uxzy-2ULx^zy+2UzLx^y 
-UG - Uxyz + 2ULy^zX - 2f/L^,2?/ + 2ULx^yZ, 



u 



'^aiJ{x,y,z)xiiXi2...Xik,,Xij e X,ki eNU {0} 



Therefore, it suffices to show that the polynomials of the form J{x, y, z)xiX2---Xk, Xi G 
X, where /c G N U {0} are the linear combinations of the polynomials from the set 

U U Ux U U U \Jxy U \Jxz U \Jyz. 

The proof by induction on k obviously follows from the identities (fT6l) and (1291) . B 

Proof of Theorem. Prove the specialty of the algebra M. That is, we show 
that free Malcev algebra on the free generators X is isomorphic to the subalgebra 
of the algebra (AZt[X])~, generated by the set X. Let / be the canonical homomor- 
phism / : M — > {Alt[X])~ . From Lemma 7 follows that it suffices to show that 
the set /(U U Ux U \Jy U \Jz U \5xy U \Jxz U \Jyz) is linearly independent in y4Zt[X]. 
Prove first the linear independence of the set /(U). As in [2] define in y4/t[X] the 
following subsets: 

Wo = {{x,y,z){LtJ'^{L+J^^{LtJ'-^{LlJ^^{^^^^^^ \ G NU{0}}; 
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Wi = {[w,a] \ w e Wo, a G X}; 
W2 = {{w, X, y), {w, y, z), {w, z,x)\w e Wo}; 
W = WoUWiU W2. 

We prove that for each u from U exists such a G F, a 7^ 0, that f{u) = aw, where 
w eW. Let u = J{x,y,z)Ti...Tn, where Tj G {L^^y, L^^^, Ly^^, L^^^y}. The proof is 
by induction on n. For n = the assertion is obvious. Assume that the assertion 
is proved for u = J{x,y, z)Ti...Tn-i and assume that T„ = L^^y. It is easy to show 
that then ^ 

/ : uL^^y I — > -{[[f{u),x],y] - [[f{u),y],x]) = 

= ^ifiu)^y - xf{u)y - yf{u)x + yxf{u) + f{u)yx - yf{u)x - xf{u)y + xyf{u)) = 

= -2f{u)Lly - 2/(«)L+,. 

From the identities (24), (8) and (9) from |2] and induction hypothesis follows that 
fiu)LXy = f{u)L+^, therefore, 

/ : uL^^y ^ -Af{u)Lly. 

Similarly, 

From (l27|l we obtain 

/:«G^24/HL4^^j. 

Finally, direct calculation gives for any t from M: / : tL^^x ' — > [[/(^)? 2;], x] = 
xixfit)) + f{t)xx-xfit)x-xifit)x) = -Aif{t)oxox-fit)olxox)) = -4/(t)L+,. 
That is, 

f:tLx,x^[[f{t),x],x] = -Af{t)Ll,. 

From the proved and [2] follows the linear independence of /(U). 
Note that for any m G U holds 

f:uxy^ -4f{u)L+y + 2{f{u),x, y). 

Now suppose that there exist Gf (U) that the following relations are fulfilled. 

f{uo + Uix + U2y + u^z + U4^xy + u^xz + u^yz) = 
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Denoting f{ui) = Wi we obtain 

wo+[wi, x] + [w2, y]+[w3, z]-AwiL^^y+2{f{u4),x, ?/)-4w5L+^+2(x, z, f{u5))-Aw6L^.^+ 

+2(y, z, /K)) = (w;o-4w4L+j,-4w5L+^-4w6^^J + [w;i, x] + [w2, y] + [w3, z] + {f{ui),x, y) + 

+2{x,zJiu,)) + 2{y,zJiuQ)). 

Hence, from the linear independence of the set W, proved in [2] we have: Wi = 
W2 = = W4 = W5 = = and WQ — Aw^L^y — Aw^L^^^ — AwQL^^^ = 0. Therefore, 
Wo = from proven we have Mj = 0, i G {0, 1, 2, 3, 4, 5, 6}. 
Obviously, from the proved and Lemma 7 follows that the set 

U U Ua; U Uy U Uz U Vxy U Vxz U \Jyz 

is a basis of the space J(M, M, M). 
■ 

Corollary 1. Let 5* be the free algebra of rank three of varieties of Malcev al- 
gebras generated by simple seven- dimensional Malcev algebra. Free Malcev algebra 
M of rank three is a subdirect sum of the free Lie algebra L of rank three and the 
free algebra S. 

Proof. Let K be the free algebra with set of free generators X of the variety 
generated Cayley-Dickson algebra over a field F. It is easy to understand that the 
subalgebra of the Malcev algebra K~ , generated by the X is isomorphic to S. From 
the Theorem 1 of [2] we obtain that M is the subalgebra in K~ © (y4ss[X])~. 
The projection K~ © (y4ss[X])^ — > K~ induces a homomorphism gi : M — y S, 
which obviously is a surjective. In addition, it is similar that the homomorphism 
g2 ■ M — > L, induced by the projection K~ © — )■ (y4ss[X])~ is surjec- 
tive. 
■ 

In [9] particularly was shown that the free algebra of the variety generated by 
the Cayley-Dickson algebra is prime. From this result and the last corollary can be 
easily obtained 

Corollary 2. Free Malcev algebra of rank three is semiprime. 

In conclusion the author expresses his gratitude to I. P. Shestakov for posing the 
problem and valuable remarks. 
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